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I propose a method to remove the axial motional excitation from an ion qubit within a few
oscillation periods of a harmonic trap. The principle is to prepare another coolant ion in its motional
ground state, and then apply a phonon beam splitter to swap the motional state between the ions
without affecting the internal state. This method requires only the precise control of the trapping
potential, thus its performance does not suffer from the limitations of current laser-cooling schemes.
With sufficient coolant ions pre-prepared, this method can rapidly re-cool ion qubits during quantum
information processing.
PACS numbers: 03.67.Lx, 37.10.Ty, 37.10.Mn
Introduction.—The ion trap system is an auspicious
implementation of quantum computers (QC) [1, 2], where
various building blocks [3, 4] have been demonstrated ex-
perimentally [5–8]. Achieving a high fidelity logical op-
eration requires minimal motional excitation of the ions.
However during computation, the ions are unavoidably
heated up by, for example, fluctuations of the trapping
potential, imprecise ion transportation, and recoil during
fluorescence readout. In practice, the ions have to be fre-
quently re-cooled by sympathetic cooling [9], which takes
about hundreds of microseconds (µs) [10]. The cooling
time has recently been improved to tens-µs range us-
ing electromagnetically-induced-transparency techniques
[11–13]. However, the cooling process remains a speed
bottleneck of an ion trap QC because its duration is an
order of magnitude longer than other operations [14]. A
recent proposal suggests that µs range cooling can be
achieved by using sequences of strong laser pulses [15],
but this method is subjected to the limitation from the
laser’s power.
In this letter, I describe a scheme that can rapidly re-
cool a pair of ion qubit without applying laser cooling
during the computation. The scheme is divided into three
processes. Firstly, coolants, i.e. ions heterogeneous from
the qubit ions which will not be involved in quantum logic
gates, are prepared in the motional ground state. Each
coolant is stored in an individual harmonic well inside a
segmented linear trap [27, 28], with multiple controllable
locally harmonic potential wells. The second process is
the core of the cooling scheme, which is a swapping beam
splitter (SBS). As an extension of the phonon beam split-
ter described in [16], a SBS swaps the motional states of
two ions with different masses. When an ion qubit has to
be re-cooled, it is brought to the linear trap of a coolant.
A SBS is then applied to transfer the motional ground
state from the coolant to the qubit, thus the qubit is ef-
∗kero.lau@mail.utoronto.ca
FIG. 1: Outline of the SBS. Controlled collision of a qubit
(large) and a coolant (small) is mediated by the variation of
the double well potential (dotted). The excited (red) and
ground (blue) motional states are swapped after the process.
fectively cooled. If excessive coolants are prepared, a new
coolant can be employed in each round of cooling, thus
laser cooling is not required during the computation. The
last process is to combine the individually cooled qubits
to a ground state qubit pair. This can be done by re-
versing the heatingless ion separation process presented
in [16]. Both the SBS and the ion combination can be
implemented by a controlled collision of the ions in a pre-
cisely manipulated double well trapping potential. I will
show that these processes can take less than ten trap os-
cillation periods, so the total process durations are at the
µs range for state-of-the-art MHz traps. The necessary
rapid and precise control of a double well potential has
been demonstrated using micro-fabricated surface traps
[17].
Model—Because linear ion transportation can be dia-
batic, i.e., arbitrarily fast without causing any motional
excitation [17–21], I consider the ground state coolants
are restricted to move in linear traps. The heated qubit
has to be transported to the coolant’s trap for cooling. A
SBS is implemented by a controlled collision of the two
ions (see Fig. 1). The ions are radially tightly confined
but weakly trapped in the axial (x) direction. Around
the position of the ions, the global axial potential can
be locally approximated as a double well. The axial mo-
tional state of the ions |Ψ〉 is governed by the equation
i~∂t|Ψ〉 = Hˆ|Ψ〉, where
Hˆ =
2∑
i=1
( Pˆ 2i
2mi
+
1
2
ξ2i (t)
(
Xˆi−Ri(t)
)2)
+
e2
4πǫ0(Xˆ1 − Xˆ2)
.
The qubit (ion 1) and the coolant (ion 2) can be different
2in mass, i.e., m1 6= m2. The four local trap parameters,
ξ21(t), ξ
2
2(t), R1(t), and R2(t), are assumed to be indepen-
dently controllable by tuning the global trap potential.
The variation of these parameters will be specified by
four constraints that leads to a SBS operation.
The motional excitation is characterised by the quan-
tum fluctuation around the classical displacement of the
ions. Let us define the state of the quantum fluctuation
as |ψ〉 ≡ Dˆ†1(x1, p1)Dˆ†2(x2, p2)|Ψ〉, where Dˆi(xi, pi) =
exp
(
i(xiPˆi − piXˆi)/~
)
is the displacement operator; xi
and pi are classical parameters that could be chosen as
the classical position and momentum of ion i. Neglecting
a global phase, the state |ψ〉 obeys the equation
i~∂t|ψ〉 = (Hˆ1 + Hˆ2)|ψ〉 . (1)
Hˆ1 involves only the first order position and momentum
operators, i.e., Hˆ1 = V1pˆ1 + V2pˆ2 + F1qˆ1 + F2qˆ2, where
Vi = pi
mi
− x˙i ; Fi = p˙i + ξ2i (t) (xi −Ri(t)) +
(−1)ie2
4πǫ0r2
.
(2)
r ≡ x1 − x2 > 0 is the ion separation. The above equa-
tions reproduce the classical equation of motion when
Vi = 0 and Fi = 0, thus Hˆ1 = 0 for my choice of xi
and pi. For simplicity, Constraint 1 will be imposed to
require symmetric ion motion: local trap parameters are
tuned so that x1 = −x2 = r/2 at any time t.
The dynamics of the quantum fluctuation is governed
only by Hˆ2 that involves higher order terms of operators:
Hˆ2 =
2∑
i=1
( pˆ2i
2mi
+
1
2
ξ2i (t)qˆ
2
i
)
+
e2
4πǫ0r3
(qˆ1− qˆ2)2+O(qˆ3) .
(3)
For clarity, I have recast the position and momentum
operators of the quantum fluctuation as qˆ and pˆ respec-
tively, and from now on I refer the ”motional state” to
that of quantum fluctuation. The Coulomb potential is
Taylor-expanded with respect to (qˆ1 − qˆ2)/r. For the
moment, quadratic approximation is applied on Hˆ2, i.e.,
O(qˆ3) is neglected. This approximation is valid in our
case because the spread of ions’ wavefunction is much
shorter than the ion separation, i.e.,
√
〈qˆ2i 〉 ≪ r.
Cooling—When two ions are brought close, their mo-
tional states will be coupled by the Coulomb interaction.
Recent experiments have employed this effect to swap the
motional states between separately trapped ions [22, 23].
However, their scheme requires hundreds of µs, in or-
der to suppress the off-resonant interactions that induce
parametric excitations [35]. In contrast, my proposal
can be two orders of magnitude faster, because the para-
metric excitation is eliminated at construction by using
the exact solution of time dependent harmonic oscillators
[24].
Within the quadratic approximation of Hˆ2, the evolu-
tion, which is characterised by the operator Uˆt at time t,
is a two-mode squeezing operation on the ions’ motional
state [25, 26]. The squeezing parameters depend on the
tuneable local trap strength, ξ2i (t), and on the Coulomb
coupling that is determined by r, which is controllable by
adjusting Ri(t). Our goal is to obtain the trap param-
eters that the two-mode squeezing becomes a SBS, i.e.,
after the process at 0 < t < T the annihilation operators
transform as
Uˆ †T aˆ1UˆT = aˆ2e
iθ ; Uˆ †T aˆ2UˆT = aˆ1e
iθ , (4)
where aˆi ≡
(√
~
√
miξi(0)qˆi + ipˆi/
√
~
√
miξi(0)
)
/
√
2.
The phase factor θ does not affect the cooling perfor-
mance. The local trap strength before and after the SBS
is the same, i.e., ξ2i (0) = ξ
2
i (T ), so the initial and final
states can be characterised by the same aˆi.
To see how a SBS cools the qubit, consider the ini-
tial motional state of the coolant is the ground state
while that of the qubit is an arbitrary pure state, i.e.,
|ψ(0)〉 = ∫ f(α)|α〉1dα ⊗ |0〉2, for some complex func-
tion f . The state lies in the eigensubspace of the
coolant’s phonon number operator: aˆ†2aˆ2|ψ(0)〉 = 0. Ac-
cording to Eq. (4), the SBS transforms the eigenvalue
equation as aˆ†1aˆ1|ψ(T )〉 = UˆT Uˆ †T aˆ†1UˆT Uˆ †T aˆ1UˆT |ψ(0)〉 =
UˆT aˆ
†
2aˆ2|ψ(0)〉 = 0. This derivation implies that the qubit
will result in the ground motional state. Since the eigen-
value equation is valid for any complex function f , the
SBS can cool a qubit with any initial motional state.
Swapping Beam Splitter—The construction of a SBS
is clearer when considering the collective modes of the
quantum fluctuation. Let us define the quadrature oper-
ators of the centre-of-mass (+) mode and the stretching
(-) mode as
qˆ± ≡ 1√
2
(
qˆ1 ±
√
m2
m1
qˆ2
)
; pˆ± =
1√
2
(
pˆ1 ±
√
m1
m2
pˆ2
)
.
Then in the quadratic approximation as Hˆ2 can be re-
written as
Hˆ2 ≈
pˆ2+
2m1
+
pˆ2−
2m1
+
1
2
m1ω
2
+(t)qˆ
2
++
1
2
m1ω
2
−(t)qˆ
2
−+E qˆ+qˆ− ,
where the coupling strength between the modes is
E = ξ
2
1(t)
2
− m1
m2
ξ22(t)
2
+
(
1− m1
m2
) e2
4πǫ0r3
, (5)
and the mode frequencies are
ω2±(t) =
ξ21(t)
2m1
+
ξ22(t)
2m2
+
(√ 1
m1m2
∓ 1
m1
) 2e2
4πǫ0r3
. (6)
The system can be treated as two coupled time de-
pendent harmonic oscillators, which can be analytically
solved if the + and - modes are decoupled, i.e. E = 0.
According to Eq. (5), this can be achieved by imposing
Constraint 2 on the coolant’s local trap strength as:
ξ22(t) = m2ξ
2
1(t)/m1 + (m2/m1 − 1)e2/2πǫ0r3.
3Let us define the annihilation operators of the modes
as aˆ± ≡
(√
~m1ω0qˆ± + ipˆ±/
√
~m1ω0
)
/
√
2, where ω0 ≡
ξ1(0)/
√
m1 is the qubit’s initial trap frequency. The an-
nihilation operators of the collective modes and the ions’
motional state are related as aˆ± = (aˆ1 ± aˆ2)/
√
2. For
a beam splitter without final parametric excitation, the
modes can only be phase-shifted after the process, i.e.,
Uˆ †T aˆ±UˆT = aˆ±e
−iθ±(T ). Additionally, the beam splitter
is a SBS, i.e. Eq. (4) is satisfied, if the modes acquire a
π phase difference, i.e., θ−(T )− θ+(T ) = π.
For simplicity, the + mode frequency can be required
to be a constant throughout the process, i.e., ω+(t) = ω0.
Then + mode is not parametric excited and the phase is
θ+(t) = ω0t. This can be done by, according to Eq. (6)
and previous constraints, imposing the Constraint 3 on
the qubit’s local trap strength as: ξ21(t) = m1ω
2
0 + (1 −√
m1/m2)e
2/2πǫ0r
3.
According to Eq. (6) and with Constraints 1-3 satis-
fied, ω2−(t) is uniquely determined by the ion separation:
ω2−(t) = ω
2
0 +
e2√
m1m2πǫ0r3
.
Constraint 4 can be required on the local trap parame-
ters so that the ion separation is appropriately varied to
produce any desired ω2−(t). The remaining problem is to
find the time variation of ω2−(t) such that the - mode is
not parametric excited and acquires the desired phase.
Here I introduce an inverse engineering method to
find a suitable ω2−(t). As - mode is a time dependent
harmonic oscillator, its evolution can be exactly solved
by using the dynamic invariant formalism [24]. At any
time t, the annihilation operator transform as [16, 24]
Uˆ †t aˆ−Uˆt = η
(+)(t)e−iθ−(T )aˆ− + η
(−)(t)eiθ−(T )aˆ†−, where
η(±) = (b ± b−1 + ib˙/ω0)/2 and θ−(T ) ≡
∫ t
0 ω0/b
2(t′)dt′.
These parameters are uniquely determined by a real
scalar auxiliary function b(t) that satisfies
b¨(t) + ω2−(t)b(t)− ω20/b3(t) = 0 . (7)
Parametric excitation is absent if η(+) = 1 and η(−) =
0. This imposes a boundary condition (BC) on the
auxiliary function: b(t > T ) → 1. An additional BC
is required on b(t) that yields the desired final phase
θ−(T ) = θ+(T ) + π = ω0T + π.
In order to obtain the local trap parameters that re-
alise a SBS, let us adopt an ansatz for b(t) to obtain an
appropriate ω2−(t). The ion separation, r(t), is then de-
termined by Constraint 4. ξ21(t) and ξ
2
2(t) are obtained
by Constraint 3 and 2 respectively. Finally, R1(t) and
R2(t) are obtained by Constraint 1 and the classical
equation of motion Eq. (2).
Ansatz—I here suggest a class of ansatz of b(t) that all
the BC are satisfied at construction:
b(t) =
(√π
ω0σ
e−(t−0.5T )
2/σ2 + 1
)−1/2
. (8)
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FIG. 2: (a) Let the qubit is initially in a thermal state with
〈aˆ†1aˆ1〉 = 5. The mean phonon number of qubit (solid) and
coolant (dashed) is swapped after the SBS. Time variation
of (b) ion separation, (c) R1 (solid) and R2 (dashed) [? ],
(d) ξ21 (solid line) and ξ
2
2 (dashed line), for the SBS following
the ansatz Eq. (8) with ω20σ
2 = 2. All length are expressed
in terms of a characteristic length, l0 = 3
√
2e2/4πǫ0m1ω20 ≈
5.61µm, which is the separation of two 40Ca+ ions in a single
harmonic well with ω0 = 2π MHz.
The speed of the SBS is determined by the parameter σ.
For ω20σ
2 = 2 and 3, the SBS process time, T , is 8.3 and
10.2 trap oscillation periods respectively [36]. I note that
the scaled process time, ω0T , is independent of the ions’
mass and ω0, and does not affect the quality of cooling
within the quadratic approximation of Hˆ2. Therefore,
the qubit cooling time is generally in the µs range if the
trap frequency is a few MHz.
As an example, a controlled collision between a 40Ca+
qubit and a 24Mg+ coolant with ω0 = 2π MHz was simu-
lated. The cooling time is T = 1.3µs for ω20σ
2 = 2. Time
variation of mean phonon number, ion separation, and
local trap parameters are shown in Fig. 2.
Ground state qubit pair—Now I discuss how to use the
above cooling scheme to prepare a ground state qubit
pair for high fidelity logical operation. Here I specifi-
cally consider the quantum computer architecture that
is constituted by numerous interconnected traps [27, 28],
though the method is also applicable to other architec-
tures that ions are movable in linear traps. Consider
two qubits are transported to the linear trap containing
an array of individually trapped coolants (Fig. 3a). The
transportation may further heat up the qubits, but the
excitation will eventually be removed. The qubits can
be individually cooled by three rounds of SBS (Fig. 3b
I-III). Between each round, the ions are transported by
moving harmonic well with strengthm1ω
2
0 (m2ω
2
0) for the
qubit (coolant). The ions’ classical motion can be freely
manipulated by precisely controlling the harmonic well,
while the quantum fluctuation is unaffected [17–21].
(a)
Q1 Q2 C1 C2(b)
 II
 III
 IV
 I
FIG. 3: (a) Heated qubits are transported to the linear trap
containing individually trapped coolants. (b) Sequence of
constructing ground state qubit pair: (I) Motional excitation
is transferred from qubit Q2 to coolant C1 through a SBS. (II)
Two SBS are simultaneously conducted to swap the motion
between qubit Q1 and Q2, and between coolant C1 and C2.
(III) Repeat the procedure in I. Both Q1 and Q2 are cooled
after this step. (IV) The qubits are combined in a single har-
monic well through the heatingless ion combination process.
After two qubits are individually cooled, they have to
be combined in a single harmonic well (see Fig. 3b IV) for
the entanglement operation. The ion combination can be
made rapid and minimally heated by reversing the dia-
batic ion separation process in Ref. [16]. This heatingless
ion combination can be viewed as half of a SBS, which
the double well potential stops varying when it converges
a single harmonic well. In this process, the variation of
trap parameters can be obtained by a similar procedure
as that of SBS. Here, Constraint 1 is still required for
symmetric motion. Constraint 2 is not necessary as the
+ and - modes are decoupled when both qubits have the
same mass. This constraint can be modified to require
symmetric local trap strength, i.e., ξ21(t) = ξ
2
2(t). Con-
straint 3, which requires constant + mode frequency, is
retained so that the + mode is not parametric excited
during the combination. Constraint 4 is still required
to yield the desired - mode frequency by inverse engineer-
ing.
For the ansatz of b(t), we retain the condition b(t <
0) → 1 because the initially separated ions are not
excited, while the crucial difference here is the BC of
b(t > T ). According to Eq. (7) and the fact that
ω2− = 3ω
2
0 when two ions are trapped in a single har-
monic well [16, 29], b(t > T )→ 3−1/4 should be reached
after the process. The - mode will not be parametric
excited if b(t) remains constant for t > T , thus the ion
combination process would not cause motional excitation
[24]. An example of ansatz of such b(t) is
b(t) = (e(t−0.5T )/σ +
4
√
3)−1(1− 4
√
3) + 1/
4
√
3 .
As an illustration, if the initial separation between two
40Ca+ is r(0) = 100l0, they can be combined to a single
well, i.e., r(T ) = l0, in T = 5.9/ω0 ≈ 0.94µs for ω0 =
2πMHz and an ansatz with ω0σ = 0.2.
Preservation of quantum information—A crucial ques-
tion for the utility of this cooling scheme is the extent to
which the quantum coherence of the ions’ internal de-
grees of freedom will be degraded. Possible detrimen-
tal effects includes the multipole interaction between the
ions’ internal state, which is significant if the ions are too
close; and the dc Stark effect [19], which is serious if the
qubit’s speed is too fast. I consider again the collision of
a 40Ca+ qubit with a 24Mg+ coolant. For ω20σ
2 at the
order of unity, the minimum ion separation is about 1 l0.
This is the typical range of separation in ion trap experi-
ments that the mutual multipole interaction is negligible.
Furthermore, Fig. 3 shows that the qubit travels for tens
of µm per µs. In this range of speed the dc Stark ef-
fect is insignificant [19]. Therefore the encoded quantum
information would be preserved during a µs range SBS.
Possible source of heating—In practice, the local po-
tential experienced by the ions is not purely harmonic,
which would excite the motional state during the SBS.
The anharmonicity comes from both the global trap po-
tential and the Coulomb potential. Particularly, the an-
harmonicity due to global potential can be suppressed by
optimising the geometry and the potentials of the elec-
trodes [30, 31]. On the other hand, the Coulomb anhar-
monicity involves interaction between ions that could not
be fully suppressed by adjusting the trap potential.
The effect of Coulomb anharmonicity on the perfor-
mance of the cooling process was assessed numerically.
Eq. (1) is integrated when the lowest order term in O(qˆ3)
is added in Eq. (3), e
2
4πǫ0r4
(qˆ1− qˆ2)3, is included. Our re-
sult shows that even if the qubit initially has 40 phonons,
the Coulomb anharmonicity finally induces no more than
10−3 phonon on the qubit. Therefore the anharmonicity
of potential is not deemed a serious threat to the perfor-
mance of the SBS cooling scheme.
Conclusion—In this letter, I propose that the axial
motional excitation of an ion qubit can be removed by
a controlled collision with a coolant ion. The process
can take less than ten oscillation periods of the trap,
which is at µs range for current state MHz trap. I have
outlined a procedure to obtain the time variation of the
trap parameters for such process. The cooled individual
ions can then be rapidly combined into a single well for
high fidelity logical operation. If excessive coolants are
prepared before the quantum computation, lengthy laser
cooling is not necessary during the computation. Thus
our scheme can improve the operational speed of an ion
trap quantum computer.
I note that the core of my scheme is the tuneable
quadratic interaction between oscillators, so the idea
could also be applied to cool systems with similar inter-
action and behaviour, such as polar molecules [32] and
nanomechanical oscillators [33, 34].
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